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An orthogonal expansion technique for solving a new class of counterflow heat transfer
problems is developed and applied to the detailed study of laminar flow concentric tube heat
exchangers. The exchonger problem is solved for fully developed laminar velocity profiles,
negligible longitudinal conduction in the fluid streams and in the exchanger walls, and with
fluid properties which are independent of the temperature.

A description of the variation of the local Nusselt numbers and the temperature at the wall
between the two streams is given. Also reported are bulk temperature changes in the two
streams and mean overall Nusselt numbers. It is shown that for long exchangers, which are
of some industrial importance, asymptotic Nusselt numbers exist in counterflow as in single-phase
and cocurrent systems. Numerical vafues of asymptotic Nusselt numbers are reported for a
wide range of parameters. Comparisons are made with single-stream solutions such as the
Graetz problem, with empirical correlations of experimental dote, and with cocurrent flow
exchangers.

To solve this problem it was necessary to derive new orthogonality relations, and also ex-
pressions for determining positive and negative sets of eigenvalues and eigenvectors. Satisfaction
of inlet boundary conditions at both ends of counterflow exchangers requires a complete set

of eigenfunctions and thus one must use both the positive and negative sets.

Forced convection heat transfer in bounded conduits
has received and continues to receive a great deal of at-
tention in the literature. Theoretical studies are generally
extensions of the classical Graetz problem of a fluid in
fully developed laminar flow in a circular duct with a uni-
form wall temperature boundary condition. Extensions
have been made to different geometries and to a variety
of boundary conditions (5, 14, 16) in an attempt to simu-
late physical situations more closely.

Beyond the initial concern for the single-stream prob-
lem, it is natural to speculate on the applicability of these
results to double-pipe heat exchangers which are used ex-
tensively in industrial applications. However, the ques-
tion remains as to what type of condition exists at a wall
between two streams in a practical heat exchanger. Stein
(17) has recently answered this question in part by a
further extension of the Graetz problem to cocurrent flow
heat exchangers. However, a solution for the countercur-
rent flow problem does not follow readily from either the
single-stream or the cocurrent problem because of two
fundamental differences. First, as illustrated in Figures la
and 1b, the velocity profile in single-stream and cocurrent
flow problems is always positive or zero, while in counter-
current flow the velocity profile (Figure l¢) changes sign
with respect to a fixed coordinate system. Second, in Fig-
ures 2a and 2b, both the single-stream and cocurrent sys-
tems are open-ended with respect to the specified bound-
ary conditions, but the counterflow system is neither open-
ended nor completely bounded, as shown in Figure 2¢.

As a consequence of these differences the counterflow
problem has at least two unique aspects:

1. It requires the development of new orthogonality
relations for the sets of positive and negative eigenfunc-
tions associated with positive and negative sets of eigen-
values.
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2. Complete orthogonal expansions utilizing both sets of
eigenfunctions must be written at both ends of the
counterflow problem to satisfy inlet conditions. Therefore,
it is necessary to find a new procedure for evaluating the
eigenvectors, or expansion coefficients, associated with the
complete set of orthogonal functions.

The purpose of this work is to apply an orthogonal ex-
pansion technique to a counterflow concentric tube heat
exchanger, which is a system of industrial importance, and
also to show that the method of analysis is applicable to
a broad class of multistream heat and mass transfer prob-
lems which have not been solved in detail previously. The
present work includes the effects of different fluid proper-
ties in the streams and a resistance to transfer between
them which were not included in the initial analysis (11)
of countercurrent systems.

In another paper (12), orthogonal exparision solutions
for parallel plate exchangers were obtained. Since a rigor-
ous proof of the method of solution used is not available,
the problem was also solved by a finite-difference tech-
nique. It was found that the agreement in local behavior
determined by the two methods was excellent. This is
viewed as definitive justification for the validity of both
methods of solving counterflow heat transfer problems,
since it is very unlikely that such excellent agreement
would be fortuitous.

THEORETICAL DEVELOPMENT

The system considered is shown schematically in Fig-
ure 3. A detailed description of the analysis of counterflow
double-pipe heat exchangers, which includes Equations
(1) through (40), is available elsewhere.® Only a very

¢ Equations (1) through (40) and (54) to (60) and Tables 1, 2, 4,
9 to 1% have been deposited as document 8678 with the American Docu-
mentation Institute, Photoduplication Service, Library of Congress, Wash-
ington 25, D. C., and may be obtained for $5.00 for photoprints or $2.25
for 35-mm. microfilm.
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Fig. 1. Schematic diagrams of the velocity
profiles in single-stream, cocurrent, and coun-
tercurrent flows.
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Fig. 2. Schematic diagrams of the boundary
conditions for heat transfer in single-stream,
cocurrent, and countercurrent flows.
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Fig. 3. Schematic diagram of the concentric tube heat exchanger.

brief summary which retains the same numbering system
will be reported here. For fully developed laminar flow of
fluids with no energy sources, constant but generally dif-
ferent fluid properties in each stream, and negligible longi-
tudinal conduction, the energy equation in dimensionless
form for the tube is

a6, 1 9 06 )
] —g2) — = 1.
( Yr ) Y 3y: 5

ox Y1 6y1
0=y =1 0=x=L (9)

and that for the annulus can be written as

D( ) 08y N ( A ) 06 6202
y2 ox Ay, — 1 dys 6y22 ?
0=y=<1, 0=x=L (10)
where
KHaA
0(!{2) =a:A—)
ln(l——Ayg)
24792 2—A) —————"— 2A
A%y,* + A( ) (1 —a) Yo
A(2—A)

2{(1—A) +A2+——ln(1——A)

Experimentally, the assumption of fully developed flow
can be approximated to any desired accuracy, within the
limits of velocity variations caused by physical property
variations, by having the thermal test section preceded by
an isothermal section in which the parabolic velocity pro-
file is established. However, if the system is arranged so
that the entrance velocity profiles are flat, then the local
Nusselt numbers would be somewhat high near the ends
of the exchanger than those reported here. On the basis
of single-stream calculations, one would e?ect the local
results for these two cases to be essentially the same at di-
mensionless distances from the ends on the order of 0.04.
Thus, if the exchanger is reasonably long, then overall
behavior would not be markedly affected by the velocity
entrance condition employed.
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To reduce the number of parameters involved, it is as-
sumed that no heat is transferred across the outer bound-
aries and that each stream enters with a uniform tem-
perature profile. These assumptions, which are not essen-
tial to the development of the theory, lead to

01 (0,y1) =0 (11} ; 8 (L,ys) =1 (12)
06,

06,
— (x,0)=0 ; —(2,0) =0 13
o (50) (50 (13)
96, Ka a6,
1) = e L (g1 14
)= s ) a4
06,
b (x,1) =0y (x,1) + Kpy—— (x,1) (15)
Oyl

Separation of variables in the form
0; (%, y:) = X () Yin (1) (16)
applied to Equations (9) and (10) leads to

Xo(x) =exp (—hpx); 0=x=L 17

YY1 (Y1) + Yin (1) + Aays (1 — 452) Y1n (y1)
=0;0=y=1 (18)

Y.
(yz - X) Y7o (Y2) -+ Yon (yo)

1
a3 =) 0 ) You (90 =0 5 0= g =1 (19)
Yin (0) =€ (20) 5 Y2, (0) =0 (21)
. KA ,
Yo, (1) :—mnn(l) ;(22) 5

You (1) = Yin (1) + Kp Yin (1) (23)

where the primes on Y1, (y1) and Yan (yo) refer to differ-
entiation with respect to y; and ys, respectively. The
eigenfunction corresponding to \; is given by Yy; in the
region of stream 1 and by Yy; in the region of stream 2.
Equations (22) and (23) are the linking conditions for
the two regions. Thus for a given value of the subscript =,
Equations (18) and (19) describe the variation of a
single function. Note that although conditions are written
at the inner wall, the temperature and flux distributions
there remain to be calculated.

It has been shown by the authors that Equation (26)
is the orthogonality condition for the concentric tube heat
exchanger.

t 1
oo (1= 92 Yoy (92) Yim (92) dp—

J: (yz - -;—)0 (y2) Yo; (y2) Yom {y2) dy2 = 0; j 5= m
(26)

Note that the eigenfunctions are orthogonal with respect
to the weighting function given by

g1 {l—y?) ; 0=y =1

W.F. = 1 ( 1 ) 0= gy =

K y2 A v (92) > 0 92 1 (27)
and that the weighting function is positive in region 1 and
negative in region 2.

Thus, for counterflow systems it is necessary to find a
convergent series in both positive and negative eigenval-
ues, since each set must be retained if the orthogonal ex-
pansion is to be complete and the inlet conditions are to
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be satisfied. In both single-stream and cocurrent flow
systems, only one set of eigenvalues is necessary. This
difference is a consequence of the difference in velocity
profiles between problems as discussed in the Introduction
and illustrated in Figure 1.

The solution for countercurrent flow can now be written

tions for streams 1 and 2, respectively. For ¢; = 0 and
¥z = 1, this reduces to Equation (60), the expression for
the expansion coefficients in cocurrent flow.

Standard simplifying techniques using Equation (18)
to (23) are employed to obtain expressions for the inte-
grals in Equation (38). Thus for Ay » 0, Equation (38)
becomes

(] Yon(1) Y2(1) — Y2q(1) Y'2u(1) Xg(L) T
) Y, [ Y | L] o (39)
~ 2B,
aln oY n ¢ n ’ n
MndnlL) 2 (1) =22 (1) —2y2,,(1)3:; (1) +(l—_l_—A>Y2ﬂ(0) a;” 0) ; g=n

0:(x, yi) = 2 B, X. (x) Yin (ys)
n=0

42 By Xy (®) Ym (y) 5 i=1,2 (28)

n=0

which will be written here as simply
0, ) = 24 BaXa (2) Yau () 5 i=1,2 (29)

General expressions for the expansion coefficients have
been derived and finally culminate in Equation (38)

: ) 1
S =43 81 (90 Yiu (90) i + KX, (L)

I3 (i) o (500 0 () You (ge) e =

O X (L 1
%/ By [ X:((Li ,fo yr (1 —ynz) Yin (yl) Yiq (yl) diy

1 1
4, _E_ 0
Equation (38) applies for all values of n for both positive
and negative eigenvalues and therefore constitutes a set
of linear equations which defines the expansion coeffi-
cients.

Thus to find the expansion coefficients a set of simul-
taneous equations must be solved, and each successive
term added to the expansion has an effect on the pre-
ceding expansion coefficients. This is not the case in
single-stream and cocurrent flow systems, where each ex-
pansion coefficient is uniquely determined by the proper-
ties of the eigenfunction with which it is associated, and
is a direct consequence of the differences in boundary
conditions as discussed in the Introduction and illustrated
in Figure 2.

It is interesting to note that Equation (38) reduces to
the cocurrent flow expression as L -» 0. With the ortho-
gonality condition for cocurrent flow, Equation (57), and
L. = 0, the right-hand side of Equation (38) is zero unless
q = n. Thus

(yz-— %)U (y2) Yan (y2) Yoq (y2) dys ] (38)

1 1
Sy (U= ) 00 Yin () g+ =

‘f: ( Y2 — 'i—) 0 {y2) ¥ (yo) Yan (yo) dys =

1 1
B, [ J; y (1 —y2) Y2, dy, + 3

J: ( Y2 — lz) v (y2) Y2 dye ]

where ¢,(y;) and ¥o(ys) are the prescribed inlet condi-
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and for A\¢* = 0
+
+ Ygq (l>

q
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q=1

1% (@)

Aq
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(40)

I = 0, the 4 and — superscripts in Equation- (40)
are interchanged.

NUMERICAL CALCULATION OF EIGENVALUES AND
RELATED QUANTITIES

To generate eigenvalues and related quantities an itera-
tive numerical integration procedure was used. As in more
conventional Sturm-Liouville problems, the eigenvalues

are determined such that Yi,( 0) = 0, and the eigenvec-
tors compensate for any chosen value of Y.,{0). There-
fore, without loss of generality it can be assumed that

Yia(0) =1 (41)

The general scheme for solving the system of Equations
(18) to (23) is as follows:

1. Assume an approximate value for the eigenvalue.

2. Starting with the conditions Y15(0) = 1 and Y’1,,(0)
= 0, integrate Equation (18) from y; = 0 to y; = 1.
Then introduce Equations (22) and (23) and integrate
Equation (19) fromys = 1 to y, = 0.

3. Repeat step 2 with some multiple of the first ap-
proximation to the eigenvalue.

4. Calculate a better approximation to the eigenvalue
by using the results of the previous integrations and test
the difference between approximations against a preas-
signed allowable error. If the difference is less than the
error, go to step 6; if the difference is greater than the
error, go to step 5.

5. Repeat steps 2 and 4 with the new approximation.

6. Calculate quantities associated with the eigenvalue
by a final integration and then return to step 1.

The techniques used for carrying out these steps were
a fourth-order Runge-Kutta numerical integration (13)
and a false position iteration. To solve for the expansion
coefficients, a Gauss-Jordan pivotal reduction was used.
Calculations were made on an IBM 7074 computer.

Several sets of parameters for the concentric tube prob-
lem have been investigated using these techniques. Table
1® lists the eigenvalues and related quantities and Table
2* the expansion coefficients. The properties of the eigen-
functions are illustrated in Figure 4, which shows that the
positive eigenfunctions are periodic in the region of posi-

» See footnote on page 279.
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Fig. 4. Positive eigenfunctions for a counterflow concentric tube heat
exchanger with H == 225, K = 0.6, Ky, = 0, and A = 0.5.

tive velocity. Similarly, the negative eigenfunctions are
periodic in the region of negative velocity as required by
Sturm’s comparison theorem. Furthermore, this is inti-
mately related to the approximation of the entrance con-
ditions. The addition of more negative terms improves the
fit in the region of negative velocity, while the addition of
more positive terms has a similar effect in the region of
positive velocity.

LOCAL BEHAVIOR IN COUNTERFLOW SYSTEMS

One of the interesting results for counterflow ex-
changers is the temperature distribution of the wall-fluid
interface for each of the two streams. If the wall between
the two streams is very thin, or if k, >> ki, then K,, =
0 is a reasonable assumption. The temperature distribution
of the wall-fluid interface is then the same for both streams
and should vary between 0 at x = 0 and 1 at x = L.
Figure 5 illustrates the variety of distributions which is
possible as the values of the parameters are changed.
Rapid changes are indicative of a large heat flux and,
correspondingly, small changes such as for curve 1 near
x/L = 1 designate a region where the flux is small. Curves
such as the last are characteristic of the distribution ob-
tained when the outlet temperature of stream 1 approaches
the inlet of stream 2, or in the case of curve 6, when the
outlet temperature of stream 2 approaches the inlet tem-
perature of stream 1.

When a wall resistance is present, the interfacial wall-
fluid temperature distributions are no longer identical for
each stream. However, the results for K, = 0 are con-
tained between those having resistance for the same val-
ues of the other parameters. As K,, increases the distribu-
tions are shifted farther apart. When K,, s 0, the heat
flux at each end of the exchanger is smaller than that for
K, = 0, and the changes in the temperature distribution
at the wall near the ends are also reduced.

The behavior of the local Nusselt numbers is a particu-
larly important result which is provided by the ortho-
gonal expansion solution. The local Nusselt number for
each stream is defined by

a0,

mad oy U

NNui(x) = ki - 953(7‘) — 8;(x, 1)

(42)
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Fig. 5. Temperature distribution at the wall-fluid interface for
several sets of parameters in a concentric tube heat exchanger.

and an overall Nusselt number, arbitrarily based on the
properties of stream 1, is given by

88
—2—(x,1)
_ Ulx)dy 9y
Nrug(x) = ki Oip(x) — () )

where d; is the hydraulic equivalent diameter. With these
definitions the relations between the local values of the
overall and individual Nusselt numbers based on the in-
side tube diameter

1 1 Ka 1 Ky
= + — (44)
NNuo(x) NNu](x) (I“A) NNuz(x) 2
agree with the dimensionless form of the additivity of re-

sistance concept.
From these definitions and the form of the solution,
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Fig. 6. Local Nusseft numbers for the tube-side stream in & con-
centric tube heat exchanger compared to the local Nusselt number
for UWF in single-stream flow.
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Equation (28), expressions for the local Nusselt numbers L(1—4)
are derived. Thus, for the tube Ly = ———
KHA
(1—a S + o+ +r S - - —
-_— 2'—KA'—) z B»n X,,, (x)an (l) + 2 Bn Xn (x)an (l)
. n=1 n=0
Nyw(x) = = — (45)
2 B X ()20 + 2 Bo Xy (x)Zn
n=1 n=0
where
= = (1—a) 4 = then the same trends hold true for stream 2. Increases in
Zn =Yon (1) Rire Kp—— LYz (1) L with the other parameters constant decrease the local
An Nusselt numbers for both streams.

and the annulus result is

2{ 2 B X} (x)Yah (1) + 20 By Xy (2)Yam (1) }
n=1 n=0

NNuz(x) = o "
2B X s+ 2 By X0 s,
n=1 n=0
where 8% oy (1)~ HL=8) Ya ()
KHA )\i

The boundary conditions of uniform wall temperature
and uniform heat flux have been used for single-stream
problems, since under certain conditions they resemble the
individual streams in the counterflow exchanger. The
single-stream problems of uniform wall flux (UWF) (16),
and uniform wall temperature (UWT) (I4), for fully
developed velocity profiles can be compared with the re-
sults for the tube in the counterflow exchanger. When
these comparisons are made consistent trends are found.
Figure 6 shows some of the results for concentric tubes
along with the UWF results. As indicated in Figure 6 the
UWF divides the results for various values of H; for
H > 1, the local Nusselt numbers are less than the UWF
results and for H < 1 above it. Figure 6 also shows that
H has a greater effect on the variation of the local Nus-
selt number below 1 than above it. Except near the exit,
for the case H < 1, the UWF results are generally within
+209% of the local results calculated here.

However, the increase in the individual Nusselt num-
ber near the exit is not predicted by the results for single-
stream flow. End effects are especially pronounced for
small L, large K, and H < 1. Verification of this behavior
in counterflow systems has been obtained by finite-differ-
ence solutions both here and in King’s (8) work on mass
transfer. Physically, this can be explained by the high
transfer rates which occur in the regions near the inlets
for each stream. The large flux carries over to the exiting
stream with a resultant increase in the Nusselt number.
When K, s« 0, the heat flux at the ends is reduced and, in
turn, these end effects are dampened.

The value of K,, has only a small effect on the indi-
vidual Nusselt numbers, except near the ends of the ex-
changer as described above. However, the local behavior
depends markedly on the values of the parameters K, H

and L. At constant L and K, Figure 6 shows that as H'

decreases, the Ny, (x) curve is shifted upward, while at
constant I and H with H > 1, increases in K result in a
decrease in Ny, (x). For H < 1 increases in K result in
an increase in Ny, (x). If the parameters are redefined
with respect to stream 2 such that
Hy = 1/H, Ky = 1/K, Koy = Eé’i (1 -

),A2=1'—A

and
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ASYMPTOTIC BEHAVIOR IN COUNTERFLOW SYSTEMS

Consideration of the local behavior of the Nusselt num-
bers showed that as L increased, the Nusselt numbers
decreased. Closer examination reveals that the local values
decrease to a certain value and no lower, no ‘matter how
large L is made. This lower bound, which depends on
H, K, and K, but not on L, can be termed an asymptotic
value. However, it is important to note that the asymp-
totic region occurs near the center of the exchanger rather
than at the ends. As illustrated in Figure 7 this region
takes up an increasing percentage of the total exchanger
as L increases. Expressions for the asymptotic Nusselt
numbers are derived from the expressions for the local
Nusselt numbers given by Equations (453) and (46) by
dropping all but the zeroth-order terms. When x* = 0,
these expressions are

(1—a4)

— 2= Yoo (1)
Niva = — e ———— 47)
Y (1) +-—KT[K“’_-——] Yo (1)
Ao
20
NNu2: 2 . (48)
~ 4 1—A) Yool
Y2°(1)_KH( - ) zof)
Ao
H o
NNuo:(H__l _2'9"‘ (49)

When Ay = 0, the negative superscripts are replaced by
positive ones. It is important to note that these expressions
are independent of the expansion coefficients. Also, they
require a knowledge of only quantities related to the
zeroth-order eigenvalues and, therefore, require a mini-
mum of computation time. Thus the eigenfunction expan-
sion is a particularly powerful tool of analysis for de-
scribing the asymptotic region, which is of considerable
practical important, particularly when one wishes to effect
large temperature changes in the streams and thereby re-
quires a long exchanger.

Frequently the annular space is approximated by the
space between parallel plates to remove the radius ratio
A as a parameter. This approximation, which holds when
the annular space is very narrow and A approaches zero,
was employed to establish limiting results in the asymp-
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totic region. In this case Equation (10) for the annular
space is replaced by

3 ( Ka ) ] M, %
[ s \T=a/ B le—b [5==0m

in the model given by Equations (9) to (15). Now, K
and A are not separate parameters but are combined to

(50)

form the single parameter, 1 The asymptotic Nusselt

—A
numbers are given by Equations (47) to (49).

The usefulness of asymptotic values in design is limited
to problems in which a high effectiveness for the ex-
changer is desired, since only then are the local Nusselt
numbers relatively constant over the entire exchanger
(the effectiveness increases as L increases and, as dis-
cussed previously as L increases the local Nusselt num-
bers approach the asymptotic values). However, this is
very often the case in industrial applications, and for tur-
bulent systems, in which the asymptotic result is obtained
in identical fashion; the asymptotic result also will be of
primary importance. Since the asymptotic values revre-
sent a lower limit, underdesign would never be a problem,
but exchangers could be seriously overdesigned. For ex-
ample, if asymptotic resulis were used to design an ex-
changer with H = 2.25, K = 2.0, A % 0.5, and K, = 0
having an effectiveness of 85% for heating the cold fluid,
the predicted L from Equation (53), which is given in
the section on overall results, would be, with Ny, =

1.83

L— 0.35 = 0.130
2(1.83) 0.35 — 0.155
' 0.845
n
0.65
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TaBLE 3. AsyMPTOTIC NUSSELT NUMBERS FOR SINGLE-STREAM
Frow witH tHE BOUNDARY CONDITIONS OF UNIFORM WALL

Frux aNnp UNtForM WALL TEMPERATURE

NNy = -———k
Configuration UWF UWT
Tube (16) 4.36 3.65
Parallel plates, one side insulated (5) 5.38 4.86
Annular space, one side insulated (5)
A = 0.833 9.22 8.87
A=1035 6.18 5.74

A.I.Ch.E. Journal

while the actual calculation indicates L = 0.1 is sufficient.
However, at an effectiveness of 93%, the predicted L is
less than 8% greater than the calculated L.

Because of the ease of calculation, asymptotic results
present an easy method of investigating a large number
of different systems, and, when these results are used in
conjunction with the local variation, trends of behavior in
counterflow heat transfer systems can be established.

Frequently, it is suggested that the results for single-
stream problems can be applied to cocurrent and counter-
current flow heat exchangers, at least to establish limiting
transfer rates. Two of the most common boundary condi-
tions considered are the uniform wall temperature and
uniform wall flux cases. To test the applicability of these
results to counterflow exchangers, the asymptotic Nusselt
numbers obtained here have been normalized with respect
to UWF and also compared with the UWT Nusselt num-
bers listed in Table 3. Table 4° gives the asymptotic Nus-
selt numbers and the quantities necessary to calculate
them. Stein (17) made a similar investigation in a cocur-
rent flow exchanger and found that the UWF result was
an upper bound for his asymptotic results, but that the
lower limit approached zero, considerably below the UWT
result. For counterflow exchangers the Nusselt numbers
obtained here show that the UWT is a lower bound, but
that under certain conditions, which are not unrealistic in
a practical sense, the Nusselt numbers can exceed those
for UWF substantially.

As discussed previously, UWF divides the local results
for H < 1 and H > 1, with the Nusselt numbers for H >
1 falling below UWF. Asymptotically, this same phenome-
non is observed and if the results at constant K, K, and
A for H above and below 1 are joined by a smooth curve,
the curve passes through the UWF result at H = 1.
Coupling this with the local results, it is highly probable
that the case H = 1 closely approximates the UWF be-

# See footnote on page 279.
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Fig. 8. Normalized asymptotic Nusseit numbers vs. H for the tube-
side stream in a concentric tube heat exchanger.
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havior locally as well as asymptotically. (This could not
be established with complete certainty, since the ortho-
gonal function expansion is not applicable for H = 1.)

Figures 8 through 13 show the variation of asymptotic
Nusselt numbers for the tube-side stream with H, K, A,
and K, and illustrate several general trends. Figure 8
shows that as H approaches zero, the normalized Nusselt
numbers apparently increase without bound. As H goes to
infinity, the Ny, approach a constant value between UWF
and UWT, which is lowest for A = 0.1 and closest to
UWF for A = 0.833. Comparison of the curves for con-
stant A in Figure 8 shows that K has only a small effect
on results for A = 0.1, but that as A increases, larger val-
ues of K keep the Ny, closer to UWF. Figures 9 and 10
show that as K approaches infinity, all asymptotic values
approach that for UWF, the curves for H > 1 from below
and for H < 1 for above. As K approaches zero, the Ny,
approach a constant value between UWF and UWT
which is dependent on H, since as H decreases below 1,
the constant value increases and as H increases above 1,
the value decreases. However, this constant value is not
dependent on A and, therefore, suggests that the data
might be better correlated by a parameter containing both
K and A.

To compare the results of the parallel plate approxima-
tion to those for the annular space where A is a parameter,
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Fig. 11. Normalized asymptotic Nusselt numbers vs. [Ka/(1—A)] for
the tube-side stream in a concentric tube heat exchanger with
H and A as parameters, H>1 and Ky = 0.

the parameter (1 ) can be used. Figure 11 shows

that for H > 1 the curves for all values of A and for the
parallel plate approximation are very close together. For
H < 1 in Figure 12, however, the results are not nearly
as close together, especially at H = 0.2. In both Figures
11 and 12 the curves for A = 0.1, and those for the paral-
lel plate approximation coincide. The data for the parallel
plate exchanger are included in both Figures 11 and 12
for comparison and are, in general, closer to those for
UWF than are the tube results at the same values of the
parameters,

Figure 13 illustrates the effect of K, on the asymptotic
values with all results approaching UWF as K,, increases.
Curves 4, 5, and 6 in Figure 13 show that the influence
of K, decreases as A increases. A comparison of curves 1
and 3 shows that K, has less influence as H approaches
1. That K, also has less influence as K increases is evident
upon comparing curves 2, 3, 7 and 8.

If the parameters are redefined with respect to the an-
nular space, the same general trends for H, K, 4, and K,
hold as is evident in Figure 14. However, plotting the

1—A KA
Nusselt numbers vs. & ) or —22
Ka 1—4,

the data of the annulus as it did for the tube.

The asymptotic Nusselt numbers can be used to estab-
lish which sets of parameters lead to a controlling re-
sistance to heat transfer. Considering arbitrarily that if
Nnug is 95% of one term in the additivity of resistance
equation then that resistance is controlling, the limits given
in Table 5, which are essentially independent of H, can be
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Fig. 12. Normalized asymptotic Nusseft numbers vs. [KA/(1—A)] for

the tube-side stream in a concentric tube heat exchanger with
H and A os porameters, H<1 and K, = G.
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established. For example, with A = 0.833 and K = 2, the
stream in the annulus controls and
(1—~a)

NNuo ~

NNuz

The results for the parallel plate approximation can be
applied to yield slightly better estimations for A = 0.1.
Thus the annulus controls when K > 81 and the tube-side
stream controls for K = 0.9.

It appears from the discussion of the asymptotic be-
havior of the individual stream Nusselt numbers that in
many cases the UWF result could be used to predict
counterflow results with reasonable accuracy. The overall
asymptotic Nusselt numbers can be used to investigate
this possibility and to establish situations in which this
approximation would lead to serious error. With the addi-
tivity of resistance concept and the single- stream values
given in Table 3, a UWF overall asymptotic Nusselt num-
ber can be calculated and compared with those calculated
by the method of this study. Table 6 gives the results of
such a calculation. The cases in which the UWF is greater
than that calculated here would yield a shorter length
than is actually necessary, while when UWF result is less
than the calculated Nusselt number the exchanger would
be longer than necessary.

From the viewpoint that a conservative design is the
lesser of two evils, the limits within which the UWF model
are considered to predict counterflow system behavior are
arbitrarily set at 10% less, or 3% greater, than the cal-
culated result. Table 7 lists the results of this analysis. The
lower limits for H > 1 mean that using UWF below this
value yields an underdesigned exchanger, while the upper
limit indicates an overdesigned exchanger, and the mean-
ing of the limits is reversed for H < 1. For H near 1, the
limits are much less stringent than for H >> 1 and H <<
1. Some of the limits are quite indefinite, since values
above and below those listed were not investigated. These

'A2 T H K A
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® 05 20 05

® ® 05 4.0 05
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Fig. 13. Normalized asymptotic Nusselt numbers vs. Ky for the
tube-side stream in a concentric tube heat exchanger.
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limits cannot be strictly applied at local levels but serve
to indicate where the local variation of the overall Nusselt
number will probably be significantly different from that
predicted by using the UWE model.

OVERALL RESULTS FOR COUNTERFLOW HEAT TRANSFER

Design for laminar counterflow concentric tube ex-
changers is generally based on empirical correlations of
experimental data. Kern (7) suggested the correlation of
Sieder and Tate (15) for the Nusselt number

l ~1/38 0.14
NNua.'m. = 1.86 ( /4 ) (i‘;B_)
N o

Pe

(51)

be used for both the annulus and tube-side streams.
NNug . is an average Nusselt number based on the arith-
metic mean of the terminal fluid temperatures. The equi-

rof — 1o’ ) rather
1o

than 2b, as in this study. Equation (51) correlates to
+12% the data of several experimenters for heat transfer
to fluids in circular tubes with widely varying wall condi-
tions. For example, Sieder and Tate used a counterflow
exchanger with water as the annular fluid (but did not
attempt to correlate the annulus heat transfer results);
Kirkbride and McCabe (9) used a condensing steam
heater approximating UWT; and Drew (4) used an elec-
trically heated tube approximating UWF.,

Most of the results correlated by Sieder and Tate were
for petroleum fractions having large Prandtl numbers and
high coeflicients of viscosity, and their own experimental
data cover a rather limited range when compared to the
parameters used in this study. The list below indicates that
only H was allowed to vary over any appreciable range.

02< H<5.5
K=~ 0.025
A=04
Kp,=20
0.001 = L =0.005

valent diameter for the annulus is 2(

Perhaps the most limiting condition in their work is the
variation of L. In all theoretical investigations of Graetz
types of problems the local Nusselt numbers approach an
asymptotic value > 0. Obviously, the average value of
the Nusselt number can never decrease below the asymp-
totic value. Equation (51) shows that the average Nus-
selt number approaches zero as L increases. Several theo-
retical results for differing wall conditions in single-stream
flow can be correlated for (10)

(4 com
Npe

by the same exponent on the Graetz number as in Equa-
tion (51). However, if the correlation is extended beyond
the limit, the Nusselt numbers are much lower than the
calculated values. Thus it seems clear the Equation (51)
was obtained in too limited a region and does not hold in
general. Also, in view of the variations in asymptotic be-
havior in the annulus for different values of A, it appears
that using this correlation for the annulus is too great a
simplification. However, since Kern presents this correla-
tion as a usable one for design, it is interesting to com-
pare overall Nusselt numbers calculated by the method
of this study and by those using Equation (51). Table 8
gives a comparison of the two results. The mean individ-
ual Nusselt numbers, calculated from Equation (52), pro-
vide a comparison for the Nusselt numbers calculated
from Equation (51). It is evident that the Nusselt num-
bers for the tube are in fair agreement for the shorter
lengths and lower efficiencies. However, the values for
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TaBLE 5. Livits oF K or ( ) FOR AssuMING HEAT

TRANSFER CONTROL BY EITHER THE FLUID IN THE
TUBE OR IN THE ANNULUS OF A COUNTERFLOW
ConxceNTrIC HEAT EXCHANGER

12

B,»1

Hy 0133 <

8,505

: R 1444

bys0133

(}‘zl

Kor
( Ka ) Controlling
A 1—A stream
Parallel plate approx. >9 annulus
Parallel plate approx. =0.1 tube
0.1 >>30 annulus
0.1 <0.6 tube
0.5 >9 annulus
0.5 =0.1 tube
0.833 =2 annulus
0.833 <0.05 tube

TABLE 8. AsyMproTIC OVERALL NUSSELT NUMBERS FOR
CoNcentric Tuse Heat Excaancrrs wita UWF
BouNDARY CONDITION FOR EACH STREAM AND Ky = 0

Parallel plate
K A = 0.833 A=05 approx.
30.0 0.0607 0.197 0.171
9.0 0.196 0.501 0.527
4.0 0.416 1.14 1.03
2.0 0.762 1.81 1.67
1.0 1.30 2.56 2.68
0.6 1.80 3.06 2.93
0.2 2.97 3.83 3.77
0.1 3.53 4.08 4.03
0.05 391 4.20 4.18
0.01 4.27 4.33 4.32

TaBLE 7. Limrrs oF K or ( ) FOR PREDICTING

AsyMmproTiC NUSSELT NUMBERS FOR COUNTERFLOW
Concentric Tuse HeaT Excaancers Using UWF
NusseLT NUMBERS FOR SINGLE-STREAM Frow

Parallel plate

approximation
A= 0833 A=05 Lower  Upper
Lower Upper Lower Upper h;?:’ 11?2:,

limit, limit, limit, limit, ( ) ( )

H K K K K 1—A 1—A
7.5 >0.1 <20 >06 <90 >0.6 <2.0
2.25 08 >90 >08 >90 >086 >9.0
1.5 06 >9.0 06 >90 2.0 >4.0
0.5 <02 >90 0.6 4.0 >0.2 2.0
0.2 0. <4.0 >1.0 <40 >0.6 <40

TABLE 8. A COMPARISON OF MEAN NUSSELT NUMBERS FOR
CoNceENTRIC TUBE HEAT EXCHANGERS CALCULATED BY THE
ORTHOGONAL EXPANSION TECHNIQUE AND THE
CORRELATION OF SIEDER AND TATE (15) wrTH
H =225 K=225K=086A =05 apDKy =10

L L2 Nuigm. Nusgm. Nuo Nuim Nus, Nuo, ¢ %
005 0.111 86.37 3.40 300 825 805 405 312
0.10 0222 5.06 270 239 5928 7.14 354 464
0.50 1.11 2.95 1.57 1.39 434 658 3.06 89.0
1.00 2.22 2.35 1.25 1.08 415 623 298 979

To compare the results for stream 2, E qation (51) was restated in

terms of the equivalent diameter used in

Nus, ,, = 0.62 (_
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for the annulus with Hs and Ao as parameters.

the annulus at all L’s and for the tube at larger L’s do
not agree and, therefore, the mean overall values do not
agree. It appears from this calculation that Sieder and
Tate’s correlation gives reasonable results only for cases
in which stream 1 controls and then only for an effective-
ness of approximately 50% or less.

The overall resulfs are listed in Table 9,* which also
gives the comparison of mean overall Nusselt numbers

calculated by Equations (52) and (53).

1 L
NNuOm = -E LNNna(x)dx (52)
615(L) HI[1—625(0)1
Nuom = oL Afg,.. oL Abg.,. (53)

The excellent agreement between the two calculations in-
dicates a consistency in the results.

One of the most useful quantities calculated here is
the variation with L of the bulk temperatures at the out-
lets of the exchanger. These data, plotted as effectiveness
curves in Figures 15 and 16, specify the value of L neces-

¢ See footnote on page 279.
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Fig. 15. The effectiveness of a counterflow concentric tube heat
exchanger for heating the tube-side stream.
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Fig. 16. The effectiveness of a counterflow concentric tube heat
exchanger for cooling the stream in the annulus.

sary to obtain a desired temperature change as a function
of the parameters H, K, and K,,. As discussed previously,
when H > 1, e« measures the bulk temperature change in
stream 1, while for H < 1, ¢ refers to stream 2. Upon
redefining the parameters with respect to stream 2 and
considering Figures 15 and 16, some general trends for
the variation of the effectiveness with the parameters can
be established. Large values of H or H, and small values
of K or K, produce a higher effectiveness for a given
length. It is also apparent that increases in K,, reduce the
effectiveness significantly.

COCURRENT FLOW DOUBLE-PIPE HEAT EXCHANGER

The cocurrent flow double-pipe heat exchanger problem
has been treated for laminar and plug flow by Stein (17).
With the assumption that the annulus can be approxi-
mated by the space between infinite parallel plates, Stein
developed an expression for the asymptotic Nusselt num-
bers. Here, to compare behavior in cocurrent and counter-
current flow systems, the cocurrent problem has been
solved both to obtain inlet region results and to eliminate
the parallel plate approximation. The numerical integra-
tion technique described previously provides an exceéllent
means of finding eigenvalues and related quantities for
this problem.

The mathematical model for cocurrent flow and its so-
lution are given by Equations (54) to (60).* Equation
(60) which is used to calculate the expansion coefficients
is included here for comparison with a similar expression
for countercurrent flow.
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Fig. 17. Local Nusselt numbers for the tube-side stream of a co-
current flow concentric tube heat exchanger with A = 0.5 com-
pared to the local Nusselt number for UWF in single-stream flow.

H

b=

It is obvious then that the counterflow arrangement al-
lows a greater maximum amount of heat transfer. How-
ever, it is not as obvious that the counterflow exchanger
always yields a greater amount of heat transfer with the
same parameters used for each exchanger. A comparison
of the bulk temperature at the outlet for counterflow to
the corresponding case for cocurrent flow indicates that
the counterflow system does have a higher effectiveness.
As explained by Bosworth (3), to get a highly efficient
heat exchanger operation, the temperature of the colder
body should be as little below the temperature of the
hotter body as possible. Counterflow systems meet this
requirement much better than do cocurrent flow arrange-
ments.

Before concluding the discussion of cocurrent flow sys-
tems, it is worthwhile to consider the local variations of
the individual stream Nusselt numbers. Stein found that
the asymptotic Nusselt numbers were bounded by the
UWF result for a single stream. Figure 17 illustrates that
the local behavior is similar. However, it is noted that in
each cocurrent flow problem solved the local variation of
the Nusselt number for one of the two streams behaves
in an unusual manner. In Figure 17, the Nusselt number
for K = 2.0 decreases as x increases until a minimum is
reached at x ~ 0.15 after which the Nusselt number then
increases slightly to the asymptotic result. Hatton and
Quarmby (5) encountered similar behavior for annuli
with equal uniform heat inputs on each side, but offered
no explanation. This effect does not seem to be intimately
related to the value of H as so many characteristics of the
counterflow system are, since it occurs in stream 1 for H
= 2,25, K = 2.0 and in stream 2 for H = 2.25, K = 0.6.
It appears that further investigation of this phenomenon
is needed. For cocurrent plug flow, which involves a dis-

(60)

Eigenvalues, expansion coefficients, bulk temperatures and
local Nusselt numbers for cocurrent flow are listed in
Tables 10 and 11.°

An overall heat balance shows that with an infinite heat
transfer area, the outlet temperature of each stream in
cocurrent flow is

® See footnote on page 279.
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continuous weighting function, Stein (I8) mentions a
similar effect.
SUMMARY

Local Nusselt numbers, asymptotic Nusselt numbers,
and bulk temperature changes for double-pipe heat ex-
changers have been predicted using certain simplifying
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assumptions. The variations of these quantities with the
parameters H, K, Ky, L, and A have been investigated
over a wide range of values of the parameters. The influ-
ence on the results of the neglected effects such as longi-
tudinal axial conduction and temperature dependent fluid
properties will be the subject of future studies.

It has been shown that the application of single-stream
Nusselt number results to double-pipe exchangers is ac-
curate only in a limited number of cases. Furthermore, a
comparison of heat transfer coefficients from the correla-
tion given by Sieder and Tate with those obtained here
indicates that the use of this correlation for laminar flow
is questionable in many situations.

The most useful numerical results, for design purposes,
which are presented are the variation of the effectiveness
with the parameters of the system. Larger values of H
and the smaller values of K and K, allow higher values
of the effectiveness at the same length. Asymptotic Nus-
selt numbers, which effectively extend the range of results
down to Graetz numbers of zero for very long exchangers
and are of importance in applications requiring significant
temperature changes, were obtained over a wider range
of values of the parameters and can also be used for de-
sign when a large exchanger effectiveness is desired.

The orthogonal function method of solution given in
this study can be used to solve a wide class of multiphase
heat and mass transfer problems. In the traditional ap-
proach to single-stream flow heat transfer systems, the
stream boundary conditions invariably involve a tempera-
ture, or temperature gradient, distribution which is arbi-
trarily specified in advance of solving the problem. Here,
in contrast to traditional methods, both the temperature
distribution of the separating surface and the rate of heat
transfer between streams are determined as part of the
solution to the stated problem. Thus, the present method
accounts for coupling of heat transfer effects in the two
phases.
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NOTATION

o]
3
Il

expansion coeficient

s
Il

width of stream ¢
wall thickness
= heat capacity of stream i

£
Ll

= hydraulic equivalent diameter of stream ¢

. . % CPz
= dimensionless parameter, ————
wy CP]

= heat transfer coefficient in stream §

S o &

= dimensionless parameter, ki/ks

= dimensionless parameter, -7Cl—ln (ro/11)
w
= thermal conductivity of stream i

F AN
g

= thermal conductivity of the wail

= dimensionless parameter,
N Pe1 bl
= length of exchanger

2~ o~
P g
E3

-

; = Nusselt number in stream i, defined by Equation
(42)

Nnuy = overall Nusselt number, defined by Equation

(43)
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Nnugm = mean overall Nusselt number defined by Equa-
tions (52) and (53)

Npe = Peclet number

r = radial coordinate

7o =r+ by

rl = inner radius of the inner tube in a concentric

tube exchanger
Ty = inner radius of outer tube in a concentric tube
heat exchanger

Ty = constant inlet temperature of stream 1

T; = constant inlet temperature of stream 2

w = bulk velocity of stream ¢

w; = mass flow rate of stream i

x = dimensionless axial coordinate, ———
N Pet bl

Yi» = eigenfunction for stream §

y; = dimensionless radial distance in stream i

z == axial distance

Greek Letters

k;
a; =
' piCop;
A = dimensionless parameter, by/rs
6; = dimensionless temperature or concentration of
stream i, (T; — Ty)/(T; — To)
8, = dimensionless bulk temperature of stream i
Afg;., = log mean temperature difference
A = eigenvalue
i = viscosity of stream ¢
pi = density of stream i
€ = effectiveness
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